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The effect of impurities on antiphase boundary (APB) energies is studied using cluster expansion and
Monte Carlo (MC) techniques from ﬁrst-principles total-energy calculations. We present a code that
automates the generation of APB structures for MC sampling within the Alloy Theoretic Automated
Toolkit software package. The functionalities of the code is demonstrated by a case study on Ni3Al with Ti
impurities.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
An antiphase boundary (APB) is a planar defect in a crystalline
material that can be created by the motion of a dislocation along
the slip plane. The word antiphase derives from the 180° phase
change in the concentration wave across the APB. Various aspects
of APBs have been recently investigated from ﬁrst-principles
computational methods: modeling of diffuse [1] and thermally
equilibrated APB [2], mechanical stability of APB [3], effects of
magnetism [4], partial ordering [5], and ternary additions [6] on
the APB energy. The planar defect energy of an APB is an important
quantity that gives a measure of the resistance to dislocation
motion: a lower APB energy on a certain slip plane implies that
dislocation motion is more likely to occur along that plane than on
a plane with a higher APB energy. Therefore, enhancing the APB
energy is a viable strategy for strengthening. One possible way to
achieve this is through the addition of impurity solutes. The sub-
stitution of host atoms by impurities leads to a change in the local
stress ﬁeld and, in most cases, an increase in the APB energy. From
a ﬁrst-principles computational approach, while it is relatively
simple to obtain the APB energy of a single conﬁguration of a pure
material, an accurate modeling of the effect of impurities on the
APB energy poses several challenges:
1. Impurities cannot be placed a priori only at the nearest layers to an
APB because such a structural model is not physical. Even if one
were able to prepare such a sample experimentally, a dislocation
could still avoid the energetically unfavorable layer.r Ltd. This is an open access article2. As a result, many conﬁgurations of impurities and possible an-
tisite defects within the host must be considered.
3. To study the effect of low impurity concentrations, a large
number of atoms needs to be included.
4. For physical applications, the behavior at high temperatures
may be relevant. However, a single total-energy calculation is
performed at 0 K.
Therefore, to accurately sample the APB energy with low impurity
concentration, one would need to compute the total energy of many
structures that each contains thousands of atoms, which is not feasible
from a brute-force ﬁrst-principles approach. To tackle this problem, we
present a method that is based on cluster expansion and Monte Carlo.
In particular, the unequilibrated APB is investigated since it represents
the instantaneous energy cost for bond breaking along the slip plane,
and atomic diffusion for compositional rearrangement, which is re-
quired to form an equilibrated APB, is assumed to be slow [2]. The
code is included in the Alloy Theoretic Automated Toolkit (ATAT).2. Theoretical overview
The workﬂow of computing APB energies with impurities is
shown in Fig. 1, which consists of four steps: density-functional
theory (DFT) total-energy calculation, cluster expansion (CE),
Monte Carlo (MC), and obtaining the APB energy. The details of
each step is presented in the following subsections.
2.1. Density-functional theory
The ﬁrst step is to compute the total energy of a few dozen
structures that have the same crystal structure as the host materialunder the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Fig. 1. Workﬂow of computing APB energies. The names of various codes used in
this work are enclosed in brackets. The mmaps, memc2, and apb codes are contained
in ATAT.
Fig. 2. Schematic of an APB structure (APB in dotted lines) under periodic
boundary conditions (bold lines). For clarity, periodic boundary conditions are
imposed on the left and right sides only. (a) An impossible structure. (b) Due to
periodic boundary conditions, multiple images of the APB must be mapped back
into the cell.
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relax so far away from its unrelaxed counterpart that it becomes
questionable whether the structure should be mapped onto the
assumed underlying lattice. This problem can often be mitigated
by performing relaxations under a constant cell shape while al-
lowing the ionic positions to relax freely and the cell volume to
relax isotropically. These constraints can be implemented within
the Vienna Ab initio Simulation Package (VASP) [9–12] by editing
the code. (See Appendix for details.) A general solution to this is-
sue, based on an analysis of the curvature of the energy surface in
phase space, has been suggested in Ref. [13].
Structures can be automatically generated by the mmaps com-
mand in the Alloy Theoretic Automated Toolkit (ATAT) with multi-
component additions [14,15]. Since an APB can only exist in ma-
terials with at least 2 elements, it is necessary to use the multi-
component version when impurity atoms are present.
Subsequent steps involve various commands in ATAT.
2.2. Cluster expansion
Next, a cluster expansion is performed to express the total
energy as a linear combination of occupation variables:
∑σ ρ σ( ) = ( )
( )α
α α αE m J ,
1
where α is a cluster, αm the multiplicity of the cluster α by sym-
metry, αJ the effective cluster interaction (ECI), and ρ σ( )α the
cluster correlation function conveniently chosen to form an or-
thonormal basis [16]. The goodness of ﬁt is indicated by the cross-
validation (CV) score:
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where n is the total number of ﬁtting structures, Ei the calculated
energy of structure i, and E^i the predicted energy of structure i
from the least-squares ﬁt to the −n 1 other energies.
This step is also performed using mmaps.
2.3. Monte Carlo
The initial structure is oriented such that the cross product of
the ﬁrst two translation vectors ×T T1 2 deﬁnes the slip plane.
Figure 2 shows the necessity for this re-orientation procedure.
Assuming periodic boundary conditions on the left and right sides
of the cell, multiple images of the APB are needed to construct
such a structure. [Except for low index surfaces such as (1 1) in
Fig. 2.] It is obvious that at least two APBs are formed per cell and
that the minimal case is guaranteed by the correct orientation.To obey the laws of statistical thermodynamics, Monte Carlo
sampling is performed using the metropolis algorithm. When a
conﬁguration s is modiﬁed into σ′, the associated energy differ-
ence, denoted as Δ σ σ→ ′E , can be conveniently obtained through the
ECIs. If Δ ≤σ σ→ ′E 0, the new conﬁguration is accepted. Otherwise, it
is accepted with probability β( − Δ )σ σ→ ′Eexp .
The standard error of the mean is given by s N/ , where s is the
sample standard deviation and N the number of averaging passes,
assuming the snapshot energies are uncorrelated (i.e., sufﬁciently
distant in time). At convergence, it is necessary that the standard
error be within the desired accuracy [e.g., O(0.1) mJ/m2 for planar
defect energies]. Correlation can be veriﬁed by the block averaging
method as described in Ref. [17]. Typically, a few thousand passes
are needed to reach convergence.
The memc2 command is used in this step.
2.4. APB energy
For each structure generated from metropolis Monte Carlo,
with total energy E0, the APB structure is created by duplicating
the original structure along T3 and translating the upper half of the
supercell by the slip vector. The total energy of the defective
structure is denoted as E.
The APB energy is given by
γ = −
∥ × ∥
= ( − )
∥ × ∥ ( )
E E N e e
T T T T
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where N is the total number of atoms, and e0 and e are in units of
energy per atom. The APB energy obtained this way is called the
unequilibrated APB energy, with a step function order parameter
proﬁle across the APB [2].3. The apb code
To streamline the process of performing MC and calculating
APB energies as described in the previous section, we have de-
veloped the apb code in Cþþ within the ATAT software package.
Here we provide a working example of the binary alloy host ma-
terial Ni3Al with Ti impurities to illustrate the features of the code
and the speciﬁc procedure.
3.1. Setting up input structure ﬁles
Before creating an APB, the user needs to set up the lattice ﬁle
and structure ﬁle such that the structure is correctly oriented into
the relevant slip plane. Using the face-centered cubic (fcc) Ni3Al as
an example, the ﬁrst three lines in the lat.in and str.out ﬁles
should be:
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0 a 0
0 0 awhere a is the lattice constant. The next three lines of these
structure ﬁles deﬁne the translation vectors. For the conventional
fcc unit cell, they are simply1 0 0
0 1 0
0 0 1In the (1 1 1) orientation, the cell deﬁned by the vectors1 0 1
0 1 1
1 1 1is 3 times the volume of the conventional cell. Translation vectors
T1 and T2 are the shortest linearly independent lattice vectors that
lie on the (1 1 1) slip plane. The third translation vector T3 is ty-
pically chosen to be perpendicular to the plane. It should be noted
that the orthogonality condition is unnecessary and, in fact, cannot
be guaranteed for non-cubic systems. The remainder of the lat.
in is:1.000000 1.000000 1.000000 Ni,Al,Ti0.000000 0.500000 0.500000 Ni,Al,Ti
0.500000 0.000000 0.500000 Ni,Al,Ti
0.500000 0.500000 1.000000 Ni,Al,Ti
0.500000 0.000000 0.500000 Ni,Al,Ti0.500000 0.500000 1.000000 Ni,Al,Ti
0.000000 0.000000 1.000000 Ni,Al,Ti0.000000 0.500000 1.500000 Ni,Al,Ti
1.000000 0.000000 1.000000 Ni,Al,Ti1.000000 0.500000 1.500000 Ni,Al,Ti
0.500000 0.000000 1.500000 Ni,Al,Ti0.500000 0.500000 2.000000 Ni,Al,Tiwhere the fourth entry deﬁnes the possible atomic species for that
occupancy. The conﬁguration here allows for disordering at every
lattice site. Note that the user can ﬁrst create a simple supercell
with the correct volume ratio using the cellcvrt -uss command
and then map all atoms into the deﬁned cell using the cellcvrt
-wi command. Supercells of this minimal cell in the (1 1 1) or-
ientation can now be generated. A speciﬁc conﬁguration of atomic
positions is written in the str.out ﬁle, where the fourth entry on
each line should be either Ni, Al, or Ti. Here we choose a 665
cell with 2160 atoms so that the APBs are sufﬁciently separated
apart from each other and that a wide range of impurity con-malizedcentrations can be studied.3.2. Creating an APB
An APB is uniquely deﬁned by its slip plane ( )hkl and slip vector
[ ]uvw . To study the { }0 1111
2
1
2
APB of Ni3Al, we conveniently
choose ⎡⎣ ⎤⎦
¯
01
2
1
2
as the slip vector, which is parallel to T2. To create an
APB, the user executes the following command:by the nearest neighbor distance dnn for (a) Ni–Al and (b) Ni–Al–Ti systems.apb -1¼lat.in -s¼str.out -sx¼0
-sy¼-0.5 -sz¼0.5 -fThe lattice ﬁle is speciﬁed through the -l ﬂag, structure ﬁle
through the -s ﬂag, and the x-, y-, and z-component of the slip
vector through the -sx, -sy, and -sz ﬂags, respectively. The code
then writes the APB structure by duplicating the atomic positions
along T3 and translating the duplicated atoms by the slip vector.
The ﬁle name of the output structure is by default str_apb.out,
but can be customized through the -o ﬂag. The -f ﬂag in the
above command indicates that the code exits immediately after
writing the APB structure. The omission of this ﬂag allows the code
to compute the APB energy, as described next.
3.3. Calculating the APB energy
The APB energy, deﬁned by Eq. (3), is calculated from a cluster
expansion. The apb code checks if the clusters.out and eci.
out ﬁles are present in the current working directory and exits if
not. The total energy is obtained through the memc2 code. Speci-
ﬁcally, the commandmemc2 -is¼str.out -n¼0 -eq¼0 -g2c -qis executed, where the -g2c ﬂag speciﬁes a canonical ensemble
instead of the default grand canonical ensemble. The total energy
quantity, Emc, is read from the output mc.out ﬁle. The above
procedure is performed for both the defect-free structure and the
defective structure to yield the quantities e0 and e, respectively, in
Eq. (3). The total number of atoms and the cross-sectional area of
the supercell are also easily obtained. Hence, all the necessary
quantities are now available to compute the APB energy.
3.4. Monte Carlo sampling of the APB energy
A MC simulation can be performed automatically through the
-mc ﬂag in the apb code. The essential parameters are the number
of equilibration passes (-eq), the number of averaging passes (-n),
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simulation and produces snapshots of the output structure
through the -opss ﬂag. Typically, a few thousand passes are
sufﬁcient to reach convergence and, therefore, the ﬁle name of the
accepted conﬁgurations is of the form str????.out, where the
question marks are 4-digit numbers. The associated structure with
APBs is written to str????_apb.out. After the MC simulation is
complete, the code computes the APB energy for all the structures
and writes the output to gamma_apb.out, whose name can be
customized by the -og ﬂag.Fig. 4. Effect of 0.1%, 1%, and 10% Ti on the mean APB energy of Ni3Al as a function
of temperature. Error bars represent the standard error of the mean APB energy,
which is insigniﬁcant compared to the size of the data point.
Fig. 5. Top row: Change in APB energy as a function of the Monte Carlo trajectory for (a)
the change in APB energy for (c) 0.1% Ti and (d) 1% Ti. In (a), although many structures ar
relatively local in a practical cluster expansion.It is straightforward to calculate the mean APB energy and the
standard error of the mean.4. Method
We use Ni3Al with Ti impurities as an example. DFT calculations
were performed within the Perdew–Burke–Ernzerhof (PBE) [18,19]
generalized gradient approximation (GGA) using projector aug-
mented wave (PAW) potentials [20,21] with a plane-wave cutoff
energy of 368 eV. Spin polarization was applied to Ni atoms since it
is shown to be important for the phase stability of the Ni–Al system
[22]. Total energies were converged to within 106 and 104 eV for
each self-consistent loop and ionic relaxation step, respectively,
using 4000 Monkhorst–Pack k-points [23] per reciprocal atom. Each
structure was relaxed twice, followed by a static calculation using
the tetrahedron method with Blöchl corrections [24].
For the cluster expansion step, 71 structures were considered in
the Ni–Al binary system and an additional 71 structures in the Ni–
Al–Ti ternary system. In the Monte Carlo simulation, 1000 equili-
bration steps and 2500 averaging steps were used.5. Results and discussion
The computed equilibrium lattice constant of Ni3Al is 3.570 Å, in
good agreement with experiment [25]. The ECIs for the binary Ni–
Al and ternary Ni–Al–Ti systems are plotted as a function of the
cluster diameter in Fig. 3, where the CV score is 23.6 meV and
30.4 meV, respectively. The APB energy of pure Ni3Al obtained from
cluster expansion is 318 mJ/m2, which is comparable to the value of
300 mJ/m2 obtained from an unrelaxed ﬁrst-principles calculation
in Ref. [5].
The effect of impurities on the APB energy can be expressed as
γ γ γΔ ( ) = ( ) − ( )x x 0 , where x is the impurity concentration. For0.1% Ti and (b) 1% Ti, both at 400 K. Bottom row: Corresponding running average of
e symmetrically distinct, their APB energies are degenerate because the clusters are
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compute the APB energy of the binary. The change in the APB
energy is plotted as a function of temperature from 400 K to
1600 K in Fig. 4. At 0.1 at %, the increase in the APB energy is
negligible. At 1 at %, the APB energy rises by about 10 mJ/m2
compared to the pure host. The maximum enhancement is
achieved at 10 at % at low temperature, where γΔ is above
60 mJ/m2. A decline in the enhancement is observed as tempera-
ture increases. This is expected due to the counter-effect of dis-
ordering, which is more prominent at higher temperatures. Fig-
ure 4 clearly illustrates the fact that zero-temperature APB en-
ergies can be seriously misleading.
Although we have demonstrated the capability of studying the
effect of a wide range of impurity concentrations on the APB energy,
one must be cautious about calculations at extremely low impurity
concentrations. For instance, at 0.1% impurity concentration, the
supercell only contains 2 impurity atoms. While combinatorics
shows that there are still many unique conﬁgurations, i.e., ( )21602
reduced by a factor of symmetry, most of their APB energies are
nearly degenerate due to the local nature of the clusters. This is
demonstrated in Fig. 5, where degenerate bands are clearly present
in the 0.1% case but not in the 1% case.
Finally, we remark that the code does not impose any restric-
tions on the input slip vectors. It can readily be used for generalized
stacking faults in addition to APBs. Although the CE method cannot
be applied directly to obtain the interfacial energy and ab initio
methods must be used instead, the CE is still useful to generate
equilibrium solution conﬁgurations prior to interface formation.6. Conclusions
We have developed the apb code that automates the process of
APB structure generation and APB energy calculation via Monte
Carlo sampling, based on the cluster expansion formalism. A case
study on Ni3Al with Ti impurities shows that 10% Ti addition can
increase the APB energy by over 60 mJ/m2 compared to pure Ni3Al.
The code has been incorporated to the ATAT software package, and
can be readily used to study other types of planar defects.Acknowledgments
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In the source ﬁle main.F, insert .OR. DYN%ISIF¼¼8 to
the cases DYN%ISIFo5 and DYN%ISIF¼¼7. Set ISIF¼8 in
the INCAR ﬁle.References
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